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ABSTRACT 
COUPLED BENDING-TORSION STEADY-STATE RESPONSE OF PRETWISTED, 
NONUNIFORM ROTATING BEAMS USING A TRANSFER-MATRIX METHOD 
Using the  Newtonian method, the equat ions o f  mot ion are  developed 
f o r  t he  coupled bending- tors ion s teady-state response o f  beams 
r o t a t i n g  a t  constant  angular v e l o c i t y  i n  a f i x e d  plane. 
equat ions are  v a l i d  t o  f i r s t  order  s t ra in-d isp lacement  r e l a t i o n s h i p s  
f o r  a l ong  beam w i t h  a l l  o ther  non l inear  terms re ta ined.  I n  add i t i on ,  
t he  .equations are v a l i d  f o r  beams w i t h  the  mass c e n t r o i d a l  a x i s  o f f s e t  
( e c c e n t r i c )  from the  e l a s t i c  ax is ,  nonuniform mass and sec t i on  proper-  
t i e s ,  and v a r i a b l e  t w i s t .  The s o l u t i o n  o f  these coupled, non l inear ,  
nonhomogeneous, d i f f e r e n t i a l  equations i s  obta ined by mod i fy ing  a 
Hunter 1 i n e a r  second-order t rans fe r -ma t r i x  s o l u t i o n  procedure t o  sol  ve 
the  non l inear  d i f f e r e n t i a l  equat ions and programing the  s o l u t i o n  f o r  a 
desk top  personal computer. The mod i f ied  t rans fe r -ma t r i x  method was 
v e r i f i e d  by comparing the  s o l u t i o n  f o r  a r o t a t i n g  beam w i t h  a 
geometric, nonl inear ,  f i n i t e -e lemen t  computer code so lu t i on ;  and f o r  a 
s imple r o t a t i n g  beam problem, the  modif ied method demonstrated a 
s i g n i f i c a n t  advantage over the  f i n i t e -e lemen t  s o l u t i o n  i n  accuracy, 
ease o f  so lu t i on ,  and actual  computer process ing t ime requ i red  t o  
e f f e c t  a so lu t i on .  
The r e s u l t i n g  
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CHAPTER 1 
INTRODUCTION 
A t  t he  Langley Research Center there  are  several  wind tunne ls  
which a re  d r i ven  by r o t a t i n g  p r o p e l l e r  o r  f an  blade systems. 
a l l  o f  these tunnels  have been i n  operat ion f o r  severa l  years;  and i n  
o rder  t o  ensure safe and cont inued operat ion,  the  e x i s t i n g  blades w i l l  
r e q u i r e  a thorough eva lua t i on  o f  the s teady-state response under the  
c u r r e n t  ope ra t i ng  cond i t ions .  
o f  r o t a t i n g  blades, e f f e c t i v e  and e f f i c i e n t  ana lys i s  techniques are 
requ i red  t h a t  consider the  unique fea tures  common t o  r o t a t i n g  systems. 
Near ly 
To determi ne the s teady-state response 
An impor tan t  cons idera t ion  i n  the s t r u c t u r a l  ana lys i s  o f  a 
r o t a t i n g  beam i s  the e f f e c t  o f  the  coup l ing  between the  c e n t r i f u g a l  
f o r c e  and the  e l a s t i c  s t i f f n e s s  ( d e f l e c t i o n s )  o f  the beam. This  
e f f e c t  prov ides a s t i f f e r  s t r u c t u r a l  member i n  both the  beamwise and 
chordwise d i r e c t i o n s .  
c e n t r i f u g a l - s t i f f e n i n g  e f f e c t  i s  d i f f i c u l t  due t o  the  necess i ty  o f  
hav ing t o  know the deformed s t a t e  o f  the  beam i n  order  t o  apply the  
s teady-state c e n t r i  fuga1 loads. 
To solve t h i s  problem and take advantage o f  t he  
The l i t e r a t u r e  i s  extens ive w i t h  c u r r e n t  and c l a s s i c a l  papers 
concent ra t ing  on the  r o t a t i n g  beam problem. Among the  more no tab le  i s  
1 
the  l i n e a r  analyses o f  Houbol t  and Brooks [11*. 
sys temat i ca l l y  develop the  governing d i f f e r e n t i a l  equat ions f o r  the  
coupled bending and t o r s i o n  o f  p re tw is ted  blades assuming shear and 
r o t a r y  i n e r t i a  are n e g l i g i b l e .  
beam was i m p l i c i t l y  considered by i nco rpo ra t i ng  a S t .  Venant t o r s i o n  
term i n  the  i n t e r n a l  e l a s t i c  torque equat ion.  
I n  t h e i r  paper, they 
The warping r i g i d i t y  f o r  a s lender  
Hunter C2I developed a 
system of l i n e a r  coupled d i f f e r e n t i a l  equat ions f o r  small d isp lace-  
ments where the  a x i a l  displacement and c e n t r i f u g a l  fo rce  equat ions 
e a s i l y  uncouple, and a l lows the  a x i a l  component equat ions t o  be so lved 
separate ly  from the  t ransverse component equat ions.  
i l l u s t r a t e  the  bas ic  b u t  essen t ia l  phys ics o f  the r o t a t i n g  beam and 
were developed s p e c i f i c a l l y  t o  demonstrate an i n t e g r a t i n g - m a t r i x  
method f o r  so l  v i  ng homogeneous d i f f e r e n t i a l  equat ions.  Shear and 
r o t a t o r y  i n e r t i a  e f f e c t  were considered by S t a f f o r d  and G i u r g i u t i u  C31 
These equat ions 
f o r  t h e  uncoupled un i fo rm v i b r a t i n g  beam r o t a t i n g  i n  a f i x e d  plane. 
They found t h a t  these e f f e c t s  were more no t i ceab le  f o r  b lades 
opera t i ng  a t  h igher  speeds (turbomachinery b lades) .  These and o ther  
s imi  1 a r  papers , however, cen ter  around p r e d i c t i n g  the  na tu ra l  v i  b ra -  
t i o n  c h a r a c t e r i s t i c s  C2,3,41 o f  r o t o r  blades ( r o t a t i n g  beams). The 
concern w i t h  the  na tu ra l  v i  b r a t i o n  problem i s  t o  accura te ly  determine 
mode shapes and na tu ra l  f requencies o f  r o t o r s  t o  avo id  resonance. The 
na tu ra l  v i b r a t i o n  problem, i n  e f f e c t ,  solves the eigenvalue problem 
r e s u l t i n g  f rom e l i m i n a t i n g  the  nonhomogeneous p a r t  o f  the governing 
equat ions o f  motion. So lu t i ons  o f  t he  eigenvalue problem are  
impor tan t  i n  the  design of r o t a t i n g  beams, b u t  s o l u t i o n s  f o r  the  
* The numbers i n  brackets  i n d i c a t e  re ference.  
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steady-state response of the ro t a t ing  beam are also important for 
determining strength for  fatigue evaluation and distortions for 
clearance evaluations. 
The purpose of this thesis i s  t o  address the development and 
solution of the governing equations of pretwi sted rotati ng beams under 
the influence of steady-state aerodynamic and inertial loadings (the 
nonlinear nonhomogeneous boundary-value problem) using a transfer- 
matrix method. The transfer-matrix solution method has been selected 
because of i t s  capabi l i ty  t o  account for the variation of the beam's 
geometry (stiffness and mass) and loading  along the span of the beam. 
Chapter 2 f i r s t  develops the kinematics of the longitudinal 
deformations of the beam including uniform extension, bending about  
two axes, and uniform twist. Second, the stress resultants for a 
linear elastic material are developed using the longitudinal strain. 
Fol l  owi ng the development of the internal stress resul tants , the 
acceleration of a differential element where the elastic and  
centroidal axes are not coincident is  derived for a steady-state 
rotating element. By app l i ca t ion  o f  D'Alembert's pr inciple  t o  t h e  
resulting steady-state inertial loads, the equilibrium equations for a 
differential element under transverse and torque loadings are 
developed. Chapter 3 formulates the resulting 12,  coupled, nonlinear, 
first-order, ordinary differential equations derived i n  Chapter 2 i n t o  
a classical boundary-value problem. Since the intended a p p l i c a t i o n  of 
this development i s  t o  provide a complete ana ly t i ca l  tool , Chapter 4 
presents a nonlinear solution method for solving the derived 
equations, and Chapter 5 discusses the computer programs necessary t o  
3 
implement the solution algorithm. Chapter 6 describes an a p p l i c a t i o n  
of the theory, solution a1 gori t h m ,  and computer programs necessary t o  
analyze a new fan  blade design for the 7- by 10-Foot Wind Tunnel a t  
the Langley Research Center. 
are evaluated by compari son w i t h  f i  n i  te-el ement results. 
A ,  a derivation of the second-order Hunter transfer-matrix method is  
presented, and Appendix B gives the details o f  calculating the 
necessary cross-sectional integrals for a typical 7- by 10-Foot Wind 
Tunnel fan blade. 
Results from the transfer-matrix approach 




The system o f  displacements f o r  a genera l ized f l e x u r e  theory i s  
der ived  based upon the assumption t h a t  regard less o f  t h e  loading, the 
o r i g i n a l  shape o f  the  cross sect ion i s  una l te red  d u r i n g  deformations. 
Thus, the  geometric dimensions o f  every plane normal t o  the  l o n g i t u d i -  
na l  a x i s  o f  the  beam remains unchanged. Note, however, t h a t  t h i s  
assumption precludes any type o f  out -of -p lane c ross-sec t iona l  defor-  
mations (neg lec t  warping and shear deformations 1. Fo l low ing  from these 
displacements, the  l o n g i t u d i n a l  s t r a i n s  a re  developed as i s  done by 
Houbolt and Brooks [l] f o r  a beam under both l a t e r a l ,  extens ional ,  and 
t w i s t i n g  motion. A f t e r  expressing the i n e r t i a l  loads on a beam i n  
terms o f  the  deformations, the  d e r i v a t i o n  then considers the  
e q u i l i b r i u m  o f  a deformed beam i n  terms o f  i t s  geometry and r e s u l t a n t  
loads, thus, y i e l d i n g  a se t  o f  non l inear  governing d i f f e r e n t i a l  
equat ions f o r  the l o n g i t u d i n a l  , transverse, and t o r s i o n a l  deformations 
o f  an e l a s t i c  s t ruc tu re .  
2.1 Analys is  o f  Displacements 
The cross-sect ional  p lane def ined by x equals a constant  (see 
f i g u r e  2.1) i s  al lowed t o  undergo u, v, and w displacements o f  the 
e l a s t i c  ax is .  I n  add i t ion ,  the cross sec t ion  i s  al lowed t o  r o t a t e  oy 
and 0, about the  y and z coord inate axes, respec t i ve l y .  
sec t i ona l  t w i s t ,  4 ,  i s  measured about the e l a s t i c  ax is ,  x. By passing 
a plane through the  beam t h a t  i s  normal t o  the  c ross -sec t i on ' s  x -ax is ,  
t h e  l o c a t i o n  o f  a po in t ,  P, on the  p re tw is ted  cross-sect ion may be 
descr ibed f o r  both the  undeformed ( f i g u r e  2.2(a))  and deformed, 
( f i g u r e  2.2(b))  beam. Attached t o  the  cross-sect ion i s  a ( I - I , ~ )  
coord ina te  system t h a t  moves w i t h  the  deforming c ross-sec t ion  and i s  
l o c a t e d  a t  t he  shear center.  The angle B l oca tes  the  p o s i t i v e  n -ax is  
which loca tes  the p r i n c i p a l  minor a x i s  o f  i n e r t i a  r e l a t i v e  t o  the  
p o s i t i v e  y-ax is .  
The cross- 
The p o s i t i o n  vec tor  - r t o  the p o i n t  P i n  the y -z  and n - c  
coord inate systems i s  given by 
1 0 0 cos ( B )  s i n  ( 6 )  




s i n  
. 
The r a t e  o f  change, us ing  primes t o  denote d i f f e r e n t i a t i o n  w i t h  
respec t  t o  x, o f  the p o i n t  P w i t h  respect  t o  the  l o n g i t u d i n a l  a x i s  i s  
then given by 
( 2 . 3 )  
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Using equat ion (2.1) i n  (2.3) y i e l d s  
(:3 = q-;} ( 2 . 4 )  
Next by imposing the  u, v, and w displacements a t  the  e l a s t i c  a x i s  and 
a l s o  r o t a t i n g  the  cross sec t ion  by the  angle 4, the  p o s i t i o n  vec tor  
9 (see f i g u r e  2.2) i s  expressed i n  terms o f  t he  o r i g i n a l  p o s i t i o n  
vec tor  - r and the  c ross-sec t iona l  displacements. Reca l l  t h a t  the 
fundamental assumption o f  t h i s  development i s  t h a t  the  o r i g i n a l  cross-  
sec t i on  does no t  change i t s  shape: t h i s  imp l i es  t h a t  the vector  - r
r e l a t i v e  t o  the  11-5 system i s  unaffected. Thus, on l y  the  k inemat ics 
o f  t he  cross sec t ion  i n  the  y-z  system are evaluated. 
The x1 component o f  the  Q vector  i s  composed o f  c o n t r i b u t i o n s  
Therefore,  by due t o  extens ion and bending about the  y and z axes. 
superimposing the extens ion ( f i g u r e  2 .3 (a) )  and bending ( f i g u r e s  
2.3(b) and 2.3(c) )  e f f e c t s ,  the x i  component i s  
dv dw 
dx dx 
x 1 =  x + u - y - - - (2.5) 
o r  by us ing  primes t o  denote d i f f e r e n t i a t i o n  w i t h  respect  t o  x, 
x 1 =  x + u - y  v '  - z W I  (2.5) 
The o ther  two components o f  g, y1 and z1, are found by us ing  
equat ion (2.2) w i t h  the p r e t w i s t  angle, B, rep laced by the  t o t a l  
t w i s t ,  ( @ + $ I .  
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I n  add i t ion ,  i f  the  usual smal l -angle assumptions are made f o r  Q and 
us ing  double-angle t r i gonomet r i c  i d e n t i t i e s ,  then equat ion (2.6) 
becomes 
( 2 . 7 )  
Expanding equat ion (2.7) and us ing  equat ion (2.1) leads t o  
[:} = (:} + {-;} 
Superimposing the  v and w displacements o f  the  e l a s t i c  a x i s  and 
i n c l u d i n g  equat ion (2.5), the  p o s i t i o n  vec tor  - r l  becomes 
x + u -y V I  
= v + y - z +  
-2 w 
C . + Y Q  I ]  
(2.8) 
Using equat ion (2.91, the r a t e  o f  change o f  - r l  w i t h  respect  t o  x i s  
given by 
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C l l e c t i n g  terms and us ing  equat ion (2 .41 ,  equat ion ( 2 . 1 0 )  becomes 
1 + u '  - y(  V I ' +  B '  w ' )  - z (  w "  - B '  v ' )  
V I  - y 6 '  0 -z (B '+  4 ' )  
w '  + y ( B '  + 0 ' )  - 2 8 '  0 
( 2 . 1 1 )  I El'  = (ii) =[ 
Thus, a f t e r  deformation, the p o s i t i o n  vec tor  o f  a p o i n t ,  P, i s  g iven 
by equat ion (2 .91 ,  and i t s  d e r i v a t i v e  w i t h  respect  t o  x i s  g iven by 
equat ion ( 2 . 1 1 ) .  
2.2 Analys is  o f  S t r a i n  
From the  displacement ana lys is  r e s u l t s ,  the l o n g i t u d i n a l  s t r a i n ,  
E ,  t h a t  i s  developed i n  a l o n g i t u d i n a l  f i b e r ,  i s  der ived  a n a l y t i c a l l y .  
L e t  the  p o i n t  P under displacements (u,v,w) o f  p o i n t  o ( e l a s t i c  ax is ,  
see f i g u r e  2 . 2 ( b ) )  and r o t a t i o n s  (0, v ' ,  w ' )  o f  the  cross-sect ion,  be 
d isp laced t o  P' ( x i ,  y1 ,  21) on the  r o t a t e d  c ross-sec t iona l  p lane as 
g iven by equat ion ( 2 . 9 ) .  Then the  d i f f e r e n t i a l  leng th ,  ds l ,  
correponds t o  
o r  
(2.12) 
( 2 . 1 3 )  
Performing the i n d i c a t e d  algebra and us ing  equat ion (Z. l l ) ,  each o f  
t he  components on the  r i g h t  hand s ide  o f  equat ion (2 .13 )  has the 
f o l l o w i n g  form 
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(2.14) 
S u b s t i t u t i n g  equations (2.14)-(2.16) i n t o  equat ion (2.13) leads t o  
(2.17) 
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For t h i s  development, the  assumption i s  t h a t  t he  problem fo rmu la t i on  
be r e s t r i c t e d  t o  smal 1 displacements. Thus, the second-order terms 
i n  equat ion (2.17) are much less  than u n i t y ;  therefore,  on ly  the 
f i r s t - o r d e r  displacement terms, (under l ined  i n  equat ion 2.17) , are  
re ta ined.  
dsl = [l + 2u' -2yv" -2ZW" + (y2 + ,2 ) ( ( &  + 2 j3 '4 ' )J  112 a T  
(2.18) 
Taking the i n i t i a l  leng th  o f  ds t o  correspond t o  u = v = w = Q = 9, 
equat ion (2.18) reduces t o  
- -  ds - [l + (y2 + 22) ( B ' ) * ]  112 
dx 
(2.19) 
Making use o f  t he  fundamental d e f i n i t i o n  o f  l o n g i t u d i n a l  s t r a i n  t o  the  
f i r s t  o rder  i n  dx 
(2.20) 
and equat ions (2.18) and (2.191, the  f o l l o w i n g  r e s u l t  i s  obta ined 




which can be, f o r  small 6, approximated by 
1 + 6/2 (2.23) 
Making use o f  equat ion (2.231, then equat ion (2.21) can be reduced t o  
(2.24) 
A c l o s e r  eva lua t i on  o f  the  second term i n  the  denominator o f  equat ion 
(2.241, f o r  most r o t a t i n g  beams t h a t  are used as fan blades and 
p rope l l e rs ,  revea ls  t h a t  the  
1" per  inch. Th is  can, f o r  most geometries, reduce the  second term 
t o  the  order  o f  0.01 which i s  much less than u n i t y ;  there fore ,  
i t  i s  neglected. 
1 ongi t u d i  na l  s t r a i  n of 
term i s  u s u a l l y  on the  order  o f  
Th is  y i e l d s  the f i n a l  l i n e a r  expression f o r  the 
(2.25) 
As po in ted  ou t  i n  re ference c l ] ,  t he  above expression f o r  the 
l o n g i t u d i n a l  s t r a i n  inc ludes  the  e f f e c t s  o f  f o u r  general types o f  
motion: un i fo rm l o n g i t u d i n a l  extens ion o f  the cross sec t ion ;  r o t a t i o n  
o f  the cross sec t i on  due t o  two axes bending: and r o t a t i o n  o f  cross-  
sec t iona l  planes r e l a t i v e  t o  each o the r  about the  e l a s t i c  a x i s  due t o  
t w i s t i n g  o f  the  beam. 
2.3 Ana lys is  o f  I n e r t i a l  Loads 
The acce le ra t i on  o f  a r o t a t i n g  beam i s  determined a t  the c e n t r o i d  
of t he  segment, see f i g u r e  2.4 .  For t h i s  de r i va t i on ,  t he  a x i s  o f  
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r o t a t i o n  i s  assumed t o  co inc ide  w i t h  the  z-ax is ,  which i s  normal t o  
the  e l a s t i c  ax is .  
cross sec t i on  i s  given by 
Thus, the l o c a t i o n  o f  t he  center  o f  mass on the  
where the components o f % ,  i n  the deformed con f igu ra t i on ,  a re  




The o r i g i n  o f  the  e l a s t i c  a x i s  i s  assumed t o  co inc ide  w i t h  an 
i n e r t i a l  frame such t h a t  the  e l a s t i c - a x i s  coord inate system i s  seen as 
j u s t  a r o t a t i n g  system w i t h  respect  t o  t h i s  i n e r t i a l  frame. Thus, the 
p o s i t i o n  vector,  equat ion (2.261, descr ibes the l o c a t i o n  o f  the  center  
o f  mass o f  each c ross-sec t ion  e x p l i c i t l y  i n  terms o f  the undeformed 
1 oca t ion  and the  displacement components: there fore ,  the  t ime d e r i  va- 
t i v e s  (denoted by do ts )  of the p o s i t i o n  vec tor  are e a s i l y  determined. 
The v e l o c i t y  o f  the center  o f  mass i s  given by 
(2.30) 
13 
Since the  - -  i, j, and - k system i s  j u s t  r o t a t i n g  w i t h  respect  t o  the  
i n e r t i a l  frame, the t ime d e r i v a t i v e s  o f  the bases vectors are 
i =  n - j - 
k = 0. - 
( 2 . 3 1 )  
( 2 . 3 2 )  
( 2 . 3 3 )  
Also, the t ime d e r i v a t i v e s  o f  t he  components o f  t he  p o s i t i o n  vec to r  3 
are  
Using equations ( 2 . 3 1 ) - ( 2 . 3 3 )  , equat ion ( 2 . 3 0 )  becomes 
( 2 . 3 4 )  
( 2 . 3 5 )  
( 2 . 3 6 )  
( 2 . 3 7 )  
Fo l low ing  t h e  same approach, the acce le ra t i on  o f  t he  cen te r  o f  mass o f  






Upon s u b s t i t u t i n g  equations (2.39)-(2.41) i n t o  equat ion (2.381, the  
acce lera t ion  o f  the center  o f  mass becomes 
For the purpose o f  t h i s  a n a l y s i s ,  the  motion o f  concern i s  the  steady- 
s t a t e  response o f  the beam. Thus, a l l  t ime d e r i v a t i v e s  are  zero:  and 
equat ion (2.42) becomes 
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2.4 Development o f  Governing Equat ion 
2.4.1 D e r i v a t i o n  o f  E q u i l i b r i u m  Cond i t ion  
For  the d e r i v a t i o n  o f  the e q u i l i b r i u m  cond i t i ons  o f  a r o t a t i n g  
beam as shown i n  f i gu re  2.5, a t t e n t i o n  i s  r e s t r i c t e d  t o  the steady- 
s t a t e  response of a beam t h a t  i s  r o t a t i n g  a t  a constant  angular 
v e l o c i t y  under s teady-state aerodynamic l i f t  (Pz), drag (Py), and 
torque [qx) .  
e l a s t i c  ax i s  as va ry ing  d i s t r i b u t i v e  loads. 
The aerodynamic loads are assumed t o  be resolved t o  the  
A d i f f e r e n t i a l  beam segment i s  shown i n  f i g u r e  2.6 w i t h  i t s  
assoc iated loads: i n t e r n a l ,  i n e r t i a l ,  and aerodynamic. For the  
steady response o f  a r o t a t i n g  beam, the  d i f f e r e n t i a l  i n e r t i a l  loads 
a r e  assumed t o  a c t  a t  t he  center  o f  mass o f  the  d i f f e r e n t i a l  segment. 
Using D'Alembert 's  p r i n c i p l e  o f  dynamic equ i l i b r i um,  the  i n e r t i a l  
loads are t r e a t e d  as i f  they were app l i ed  s t a t i c  forces,  b u t  i n  the  
opposi te  sense. Re fe r r i ng  t o  f i g u r e  2.6(a) , the  a x i a l  e q u i l i b r i u m  
c o n d i t i o n  i s  
(2.44) 
Upon s u b s t i t u t i n g  the  - i-component o f  equat ion (2.43) i n t o  equat ion 
(2.44) and s i m p l i f y i n g ,  the governing equat ion f o r  the tens ion  becomes 
Summing the  forces i n  the  y - d i r e c t i o n ,  f i g u r e  2.6(b), the  f o l l o w i n g  
e q u i l i b r i u m  equat ion i s  der ived  
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V t dvy dx - p Ay dx - Vy + Py dx = 0 Y X  
Using equat ion (2.431, equat ion (2.46) becomes 
(2.46) 
(2.47) 
S i m i l a r l y ,  the z - fo rce  e q u i l i b r i u m  equat ion i s  der ived, see f i g u r e  
2.6(c). 
o r  
dVZ t P z = 0  ai- 
(2.48) 
(2.49) 
The sum o f  the  moments i n  the  x-y plane, about the  center  o f  the 
d i f f e r e n t i a l  element, f i g u r e  2.6(b), y i e l d s  the f o l l o w i n g  
- v -  dx (T + - d x )  dT - V - T  I dx = O (2.50) 
2 dx 2 
D i v i d i n g  through by dx, us ing  equat ion (2.43) f o r  Ax, and t a k i n g  the  
l i m i t  as dx goes t o  zero, equat ion (2.50) reduces t o  
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+ V'Ym Zm 4 + W'Zm24) + Vy - v ' T  = 0 (2.51) 
S i m i l a r l y  the  moment e q u i l i b r i u m  equat ion i n  the  x-z plane i s  der ived 
d'Y + P 02(Xm zm + u z m -v'Ym zm- wtzm2 + xm ~m 4 + u ym+ 
From f i g u r e  2.6(a), the e q u i l i b r i u m  equat ion f o r  the y-z plane 
( to rque)  i s  
(2.53) 
There are now 6 equations, (2.45,47,49,51-531, and 10 unknowns (T, Vy, 
V,, Mx, My, M,, u, v, w, 4 )  which i n d i c a t e s  t h a t  a d d i t i o n a l  r e l a t i o n -  
sh ips are requi red.  The a d d i t i o n a l  equat ions can be developed from 
t h e  i n t e r n a l  e l a s t i c  e q u i l i b r i u m  ( s t r e s s  r e s u l t a n t )  c o n s t r a i n t  imposed 
on a cross sec t ion  t h a t  the i n t e g r a t e d  s t resses balance the r e s u l t a n t  
loads a t  the  e l a s t i c  ax is .  
2.4.2 I n t e r n a l  E l a s t i c  Loads 
By assuming t h e  l o n g i t u d i n a l  mater ia l  o r i e n t a t i o n  o f  the r o t a t i n g  
beam behaves as a l i n e a r  e l a s t i c  mater ia l ,  the c o n s t i t u e n t  r e l a t i o n -  
sh ip can be descr ibed by Hooke's l a w .  
a = E  E (2.54) 
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where E i s  the  apparent l o n g i t u d i n a l  modulus o f  e l a s t i c i t y ,  and E i s  
g iven i n  equat ion (2.25). 
From the  above d e f i n i t i o n ,  the  s t ress  d i s t r i b u t i o n  over the  
c ross-sec t ion  may be resolved i n t o  the  i n t e r n a l  r e s i s t i n g  loads a t  t he  
e l a s t i c  ax is ,  see f i g u r e  2.7. 
The a x i a l ,  T, and bending, My and M,, i n t e r n a l  loads are g iven by 
T = f u  dA 
b 
MZ = - J u  y d A  
(2.55) 
(2.56) 
(2 .57)  
By i n t r o d u c i n g  the  minus s ign  on the M, component, a t e n s i l e  
l o n g i t u d i n a l  s t ress  w i l l  be produced when a negat ive M, i s  in t roduced;  
this makes the sign o f  the normal stress consistent with the sense o f  
t he  i n t e r n a l  load, see f i g u r e  2.6a. As po in ted  ou t  by Houbolt  and 
Brooks [ l ] ,  the  s e l e c t i o n  o f  the e l a s t i c  a x i s  as the  pr imary reference 
a x i s  was t o  e l i m i n a t e  the  shear ing s t resses t h a t  are associated w i t h  
t h e  l o n g i t u d i n a l  s t resses from c o n t r i b u t i n g  t o  the t o t a l  r e s i s t i n g  
torque, Mx. 
component t h a t  con t r i bu tes  t o  the  i n t e r n a l  torque (see f i g u r e  (2.8) 1. 
From f i g u r e  (2.81, i t  i s  seen t h a t  the  inp lane components o f  the 
normal s t ress  produce a torque 
Because o f  the  p re tw is t ,  the l o n g i t u d i n a l  s t ress  has a 
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(2.58) 
S u b s t i t u t i n g  equat ion (2.1) i n t o  equat ion (2.58) and n o t i n g  t h a t  t he  
Jocobian r e l a t i n g  the  d i f f e r e n t i a l  areas i n  the  y -z  and TI-< systems i s  
u n i t y ,  equat ion (2.58) becomes 
(2.59) 
As i s  done i n  [l], equat ion (2.59) i s  combined w i t h  the S t .  Venant 
t w i s t i n g  which leads t o  the  f o l l o w i n g  equat ion f o r  the t o t a l  r e s i s t i n g  
i n t e r n a l  torque. 
(2.60) 
For  convenience, the  i n t e r n a l  r e s i s t i n g  loads are  r e s t a t e d  again us ing  
equat ion (2.25) 
(2.61) 
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By making use o f  the  f o l l o w i n g  d e f i n i t i o n s ,  
(2.65) A = f d A  ( t y p i c a l  u n i t s  in21  
= z2 dA ( t y p i c a l  u n i t s  i n 4 1  (2.66) 
IYY 
Izz = y2 dA ( t y p i c a l  u n i t s  i n 4 1  (2.67) 
(2.68) I y z  = J YZ dA ( t y p i c a l  u n i t s  in41  
(2.69) Ip = (Y2 + z2)  dA ( t y p i c a l  u n i t s  i n 4 )  
(2.70) P i  = y dA ( t y p i c a l  u n i t s  in31 
P 2 =  J- Z d A  ( t y p i c a l  u n i t s  in31 (2.71) 
'3 = Z(Y2 + Z2) dA ( t y p i c a l  u n i t s  i n s )  ( 2 - 7 2 )  
J 
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(2.73) P4 = f y ( y 2  + z2)  dA ( t y p i c a l  u n i t s  i n 5 )  
(2 .74 )  P5 = f (y2  + z2I2  dA ( t y p i c a l  u n i t s  i n 6 )  
the  i n teg ra t i ons ,  as ind ica ted ,  i n  equat ions (2.61)-(2.64) can be 
performed t o  y i e l d  the  f o l l o w i n g  
T = E [ A U '  - P 1  V "  - P2 W "  + Ip 6 '  0' ] (2.75)  
My = E C P2 u'- Iyz V I '  - Iyy w" + P3 B '  + '  1 (2.76) 
MZ = E [-PI u ' +  I,, V I '  + Iyz W ' ' - P4 B '  4 '  I (2.77) 
+ Ip $ ' U t  - P4 4 '  V I '  - P3 0' w "  + P5 ( 4 ' ) 2 ]  
(2.78) 
Equations (2.75)-(2.78) de f i ne  the i n t e r n a l  e l a s t i c  e q u i l i b r i u m  which 
r e l a t e s  the  i n t e r n a l  forces t o  displacements. This  now increases the 
number o f  equat ions t o  10, and thus, ensures a compat ib le system o f  
equat ions and unknowns. 
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CHAPTER 3 
FORMULATION OF GOVERNING EQUATIONS AS A CLASSICAL 
BOUNDARY-VALUE PROBLEM 
The preceding ana lys i s  has fu rn i shed  a s e t  o f  coupled nonl i n e a r  
d i f f e r e n t i a l  equations. These equations together  w i t h  c o n s t r a i n t s  o r  
cond i t i ons  on the  boundaries comprise the  c l a s s i c a l  boundary-Val ue 
problem. 
de r i ved  governing equations r e c a s t  and fo rmat ted  i n  a form t h a t  y i e l d s  
a system o f  f i r s t - o r d e r  d i f f e r e n t i a l  equations. 
Th is  chapter i s  an organized sumnary o f  the  p rev ious l y  
3.1 D i f f e r e n t i a l  Equations 
To summarize, the s i x  e q u i l i b r i u m  equations (2.45) (2.471, 
(2.48), (2.51), (2.52), and (2.53) a re  res ta ted .  
= - P, d"2 a r  (3.3) 
(3.4) 
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S i m i l a r l y ,  the  s t ress  r e s u l t a n t  e q u i l i b r i u m  equat ions (2.75-78) a re  
r e s t a t e d  . 
T 
My = E I: P2 u ' -  IyL V "  - Iyy w "  + P3 B '  Q' 3 
= E [ A U '  - P 1  V I '  - P2 W" + Ip B '  4 '  ] (3.7) 
( 3 . 8 )  
MZ = E [ - P i  U '+ Izz V I ' + Iyz W'' - P4 B '  9 '  I (3.9) 
Mx = GJ Q' + E [Ip B '  u '  - P4 6 '  V I '  - P3 8 '  W "  + P5 ( 8 ' ) '  4 '  
+ I p  O ' U '  - P4 4 '  V I '  - P3 4 '  w" + P5 ($421 
(3.10) 
Since the  proposed s o l u t i o n  method u t i l i z e s  m a t r i x  methods, equat ions 
(3.7-10) are w r i t t e n  as f i r s t  o rder  d i f f e r e n t i a l  equat ions i n  m a t r i x  
form by l e t t i n g  
(3.11) 
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-E 6 '  P4 
E B '  I p  E p2 
E 6 '  P3 E IYY 
-E Iyz 
E ~ ' 1 ~  GJ + C+ E B '  P3 I EA 
l-: :: -E 8 '  P4 
where C+ = E Ip u '  - E P4 0,' + E P3 oY' + E P5 $ ' +  E P5 






( 3 . 1 2 )  
(3 .13 )  
Since equat ion  (3 .12)  i s  nonsingular ,  t h e  s o l u t i o n  o f  ( 3 . 1 2 )  o r  ( 3 . 1 3 )  
can be obta ined .  
U '  
4 ) '  
OY' 1 OZ ' ( 3 . 1 4 )  
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Figure  3.1 i s  a summary o f  the  twelve f i r s t  order  d i f f e r e n t i a l  
equat ions i n  m a t r i x  form. 
i s  e a s i l y  i n t e g r a t e d  by a t r a n s f e r - m a t r i x  method. 
character  o f  t h e  equations i s  t h a t  f o u r  o f  the equations r e s u l t  i n  
so lu t ions  f o r  the  unknown displacement (u, v, w, $1, and s i x  o f  t h e  
equat ions y i e l d  s o l u t i o n s  f o r  the  genera l ized loads w h i l e  t h e  
remaining two equat ions (3.11) are d e f i n i t i o n s  t o  reduce the second 
order  d i f f e r e n t i a l  equat ions (3.7-10) t o  f i r s t - o r d e r  d i f f e r e n t i a l  
equations. 
These 12 equat ions are  now i n  a form t h a t  
The general 
3.2 Boundary Condi t ions 
As i s  t h e  case w i t h  most boundary-value problems, the  types o f  
boundary c o n d i t i o n s  t h a t  can be s p e c i f i e d  are genera l l y  e i t h e r  
geometric, n a t u r a l ,  o r  a compl icated combination o f  both. One specia l  
f e a t u r e  o f  the t r a n s f e r - m a t r i x  s o l u t i o n  method i s  t h a t  i t  can e a s i l y  
hand1 e any combination o f  homogeneous o r  nonhomogeneous, n a t u r a l  o r  
geometric boundary condi t ions.  For  the  r o t a t i n g  beam, t h e  boundary 
cond i t ions  are geometric a t  t h e  f i x e d  support  end and n a t u r a l  a t  the 
f r e e  o r  c a n t i l e v e r e d  end. 
I n  terms o f  the  coord inate system shown i n  f i g u r e  2.7, the 
boundary cond i t ions  f o r  complete f i x i t y  (const ra ined aga ins t  a1 1 
displacements) a t  the  support  are 
For a f ree end ( f r e e  t o  d isp lace)  the boundary c o n d i t i o n s  are  
T = V, = V, = Mx = My = M, = 0 
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(3.16) 
I f  there  were, f o r  example, a t i p  mass at tached t o  t h e  r o t a t i n g  beam, 
t h e  a x i a l  fo rce  as w e l l  as the shear forces a t  the  f r e e  end may be 
nonzero which r e s u l t s  i n  nonhomogeneous condi t ions.  Again, t h i s  
apparent compl icat ion,  as i s  shown i n  the  a p p l i c a t i o n s  sect ions,  i s  no 
more d i f f i c u l t  t o  handle than the homogeneous cond i t ions .  
4 
The above boundary cond i t ions  can a l s o  be represented i n  a m a t r i x  
format. 

















1 0 0 0 0 0 0 0 0 0 0 0  
0 1 0 0 0 0 0 0 0 0 0 0  
0 0 1 0 0 0 0 0 0 0 0 0  
0 0 0 1 0 0 0 0 0 0 0 0  
0 0 0 0 1 0 0 0 0 0 0 0  
r 
I 
J I 0 0 0 0 0 1 0 0 0 0 0 0  
(3.17) 
’ = [O] 
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Free end ( n a t u r a l )  - 
' 0 0 0 0 0 0 1 0 0 0 0 0  - 
0 0 0 0 0 0 0 1 0 0 0 0  
0 0 0 0 0 0 0 0 1 0 0 0  
0 0 0 0 0 0 0 0 0 1 0 0  
0 0 0 0 0 0 0 0 0 0 1 0  




TRANSFER-MATRIX SOLUTION METHOD 
A method i s  developed f o r  numer ica l l y  computing the  s o l u t i o n  o f  a 
s e t  o f  coupled, f i r s t - o r d e r ,  nonhomogeneous, non l inear  d i f f e r e n t i a l  
equations. 
t he  Hunter methodl which i s  extended here t o  a four th -order  
Runge-Kutta scheme t o  improve the  numerical accuracy when 1 i m i  t e d  
s t a t i o n  p r o p e r t i e s  are ava i l ab le .  
The s o l u t i o n  technique employs an i n t e g r a t i o n  s i m i l a r  t o  
The technique o f  us ing  the t r a n s f e r  ma t r i x  t o  so lve a wide c lass  
o f  boundary-value problems can r e a d i l y  be found i n  the  l i t e r a t u r e .  
However, the  e a r l i e r  development o f  the t r a n s f e r  m a t r i x  was p r i m a r i l y  
employed t o  so lve the  homogeneous problem [5,61. 
t o  be a use fu l  a n a l y t i c a l  t o o l  i n  determin ing the  na tu ra l  modes and 
frequencies o f  v i b r a t i n g  beams, wings, and p rope l l e rs .  Other m a t r i x  
methods such as the i n teg ra t i ng -mat r i x  [2] have a l so  been employed, 
w i t h  a g rea t  deal o f  success, t o  so lve the  nonhomogeneous problem. 
More recent  a p p l i c a t i o n  o f  the t rans fe r -ma t r i x  method [71, addresses 
1 The Hunter method, which was developed i n  1974, i s  an 
This  approach proved 
undocumented t rans fe r -ma t r i x  s o l u t i o n  process t h a t  can e a s i l y  account 
f o r  the  nonhomogeneous p a r t  o f  a s e t  o f  f i r s t - o r d e r  d i f f e r e n t i a l  
equat ion.  A complete development o f  the method i s  presented i n  
appendix A. 
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both the nonhomogeneous and the  homogeneous boundary-val ue problem. 
These methods , however, r e q u i r e  an extens ive 1 i b r a r y  o f  t r a n s f e r  and 
p o i n t  mat r i ces  as we l l  as some manipulat ion o f  the  matr ices t o  s a t i s f y  
and impose boundary cond i t ions .  
boundary-value problems requ i res  a spec ia l  technique t o  de r i ve  the  
t rans fe r -ma t r i x  from the  d i f f e r e n t i a l  equat ions.  I n  the present  paper, 
t he  presented method a l lows f o r  a more d i r e c t  s o l u t i o n  o f  the 
boundary-value problem by fo rmu la t i ng  the  t r a n s f e r  m a t r i x  d i r e c t l y  
from the  d i f f e r e n t i a l  equat ions and s o l v i n g  the  l i n e a r  equat ions 
completely i n  two passes over the  s o l u t i o n  domain. 
requ i red  t o  s a t i s f y  a l l  boundary cond i t ions ,  bo th  na tu ra l  and 
geometric; and the second pass computes the  s o l u t i o n  a t  t he  se lec ted  
s t a t i o n s  w i t h i n  the  c losed i n t e r v a l  de f ined by the  boundary po in ts .  
I n  add i t i on ,  each new c lass  o f  
The f i r s t  pass i s  
4.1 Four th-order  Runge-Kutta Trans fer  M a t r i x  
The Hunter t rans fe r -ma t r i x  (appendix A)  method can be shown t o  
para1 1 e l  a second-order Runge-Kutta i n t e g r a t i o n .  Using t h i  s f a c t  , an 
improvement on the accuracy o f  t he  Hunter method i s  e a s i l y  obta ined by 
d i r e c t l y  app ly ing  a four th -order  Runge-Kutta t o  equat ion (A. 1 ) .  
Rewr i t ing  equat ion (4.1) i n  the  f o l l o w i n g  func t i ona l  form 
{ Y ' )  = F (x, Y )  ( 4 . 2 )  
and us ing  a standard four th -order  Runge-Kutta i n t e g r a t i o n  C81 , the 
value o f  { Y )  a t  the  ( i + l )  s t a t i o n  i n  terms o f  the value o f  { Y )  a t  the 






where the CAI and {B) matrices are the average of the [A] and {B} 
matrices a t  the i t h  and i+l s ta t ion,  respectively. 
S u b s t i t u t i n g  equations (4.8-11) i n t o  equation (4.3) , collecting 
terms, and developing an equation similar t o  equation (A.101, new [E] 
and {F) t ransfer  matrices l i ke  those i n  equations ( A . 1 1 )  and (A.12)  
can be defined as follows 
h i 4  
+ - [Aj+1I CAI CAI CAjI 24 
+ -  h i 4  [A. 1+1 I IXI CAI { B i )  
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(4 .12)  
(4.13) 
From these new d e f i n i t i o n s  o f  
(4.131, t h e  r e s t  o f  the  s o l u t  
a p p l i e d  as usual .  
the t r a n s f e r  mat r ices  (4.12) and 
on, equations (A.13-171, can be d r e c t l y  
I n  a d d i t i o n  t o  s o l v i n g  l i n e a r  problems, the  Hunter method, us ing  
e i t h e r  a second-order o r  a four th -order  Runge-Kutta i n t e g r a t i o n ,  can 
be used t o  so lve non l inear  d i f f e r e n t i a l  equations. This  i s  
accomplished simply by c o l l e c t i n g  the non l inear  terms i n  the [A]  
m a t r i x  ( o r  the  {B) vec to r )  and i t e r a t i n g  the  s o l u t i o n  u n t i l  successive 
{ Y )  values d i f f e r  by no more than some predetermined (convergence 
c r i t e r i a )  small value. An i n i t i a l  guess can be prov ided o r  s imply s e t  
t o  zero ( s o l v i n g  the  uncoupled problem), and each new se t  o f  { Y )  
values can then be used t o  modify the  non l inear  [A ]  m a t r i x  ( o r  t he  
{B)  vec tor ) .  Th is  method has been used t o  so lve several  non l inear  
d i f f e r e n t i a l  equat ions w i t h  a g rea t  deal o f  success, and ach iev ing  
convergence i n  usua l l y  f i v e  o r  s i x  i t e r a t i o n s .  
4.2 Four th-order  Transfer-matr ix  E r r o r  Est imate 
Since the above s o l u t i o n  method invo lves  a four th -order  
Runge-Kutta i n t e g r a t i o n  which i s  an a p p l i c a t i o n  o f  a f ou r th -o rde r  
Tay lo r  ser ies ,  the e r r o r  induced i n  us ing  the approximat ion can be 
est imated by eva lua t i ng  the Taylor  se r ies  remainder term [ l o ]  
(4.14) 
The f o u r t h  d e r i v a t i v e  o f  { Y }  w i t h  respect  t o  x can be evaluated by 




Two computer programs, w r i t t e n  i n  the  FORTRAN programing code on 
a personal computer, were developed t o  so lve the equat ions developed 
i n  chapters 2 and 4. The f i r s t  program, PROP, computes the  cross-  
sec t i ona l  p roper t i es  f o r  a t h i n  open cross sect ion;  and the  second 
program, SOLVE, sol ves the  governing equat ions t h a t  are summarized i n  
f i g u r e  3.1. 
personal  computer and were designed t o  run independent o f  each o ther ;  
however, they a re  e a s i l y  coupled through a data-base o r  spread-sheet 
program such as LOTUS-1-2-3. 
Both o f  the programs were developed f o r  t he  desk-top 
5.1 Program PROP 
Program PROP computes a l l  o f  the  requ i red  c ross-sec t iona l  area 
p r o p e r t i e s  t h a t  are descr ibed i n  chapter  2.4.2 by us ing  the  equat ions 
developed i n  appendix B. This program i s  w r i t t e n  i n  FORTRAN-77 f o r  
t he  personal computer and can e a s i l y  be up-loaded t o  a mainframe 
computer t h a t  uses a s i m i l a r  vers ion  o f  FORTRAN. 
requ i res  ordered p a i r s  o f  coord inates t h a t  adequately de f i ne  the  upper 
and lower surfaces. 
The program on ly  
These p o i n t s  need no t  be evenly spaced o r  have 
coincidence abscissa coordinates.  
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Figure  5.1 i s  a f lowchar t  o f  the program PROP. The program, upon 
being s ta r ted ,  reads from a user-def ined f i l e  the upper and lower 
sur face d e f i n i t i o n s .  Next, the  user i s  prompted t o  i n p u t  t h e  number o f  
e q u a l l y  spaced i n t e g r a t i o n  po in ts .  
t h e  user can determine i f  the numerical i n t e g r a t i o n  of the  equat ions 
i n  appendix B have converged. The equal spacing o f  the  i n t e g r a t i o n  
p o i n t s  are determined by l i n e a r l y  i n t e r p o l a t i n g  between the  i n p u t  
sur face d e f i n i t i o n s .  Thus, a reasonable d e s c r i p t i o n  o f  the surfaces 
needs t o  be i n p u t .  
the  cross-sect ional  p r o p e r t i e s  i n d i c a t e d  convergences w i t h  150 t o  200 
i n t e g r a t i o n  po in ts .  A f t e r  t h e  number o f  i n t e g r a t i o n  p o i n t s  has been 
determined, t h e  program then computes the chord l e n g t h  and t h e  n 
equa l ly  spaced s t a t i o n s .  
are computed, then t h e  cross-sect ion p r o p e r t i e s  are computed about the 
shear center.  The user i s  then prompted t o  i n p u t  an angle about which 
t h e  p r o p e r t i e s  are t o  be transformed. 
computed and pr in ted ,  and t h e  user i s  prompted t o  i n p u t  more data. 
more data are t o  be analyzed, the program i s  r e i n i t i a l i z e d  and 
r e s t a r t e d .  
This  o p t i o n  i s  prov ided so t h a t  
For the geometries considered i n  t h i s  ana lys is ,  
From t h i s  data, the  area and shear center  
The transformed p r o p e r t i e s  are 
I f  
5.2 Program Sol ve 
The Hunter t r a n s f e r - m a t r i x  method descr ibed i n  appendix A and the  
four th -order  matr ices developed i n  chapter 4 have a l s o  been programed 
i n  FORTRAN-77 f o r  the  personal computer. Th is  program y i e l d s  a solu- 
t i o n  t o  the  equat ion summarized i n  f i g u r e  3.1 us ing  the  boundary 
c o n d i t i o n s  i n  equations (3.17) and (3.18). 
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Figure  5.2 i s  a f l owchar t  o f  the  program SOLVE. This program 
requ i res  as i n p u t  t he  number o f  s t a t i o n  and the  p roper t i es  shown i n  
the  mat r ices  i n  f i g u r e  3.1 f o r  each s t a t i o n  t h a t  i s  def ined. Upon 
s t a r t i n g  the  program, a l l  i n p u t s  are read i n  a t a b l e  format, and a l l  
undef ined va r iab les  are s e t  t o  zero. The program i s  i n i t i a l i z e d  by 
s e t t i n g  the  i t e r a t i o n  counter  t o  one and assuming a l l  non l inear  
va r iab les  are zero. 
and i s  a reasonable est imate f o r  the  second i t e r a t i o n .  The s t a t i o n  
matr ices,  [ A I  and (B), are assembled i n  a user w r i t t e n  subrout ine t h a t  
has been precompiled w i t h  the main program. Upon assembling the  C A I  
and {B) matr ices,  the o ther  system mat r ices  are assembled. 
t h e  boundary condi t ion ,  the  f i r s t  s t a t i o n  i s  r e l a t e d  t o  the  l a s t ,  
r e s u l t i n g  i n  a s i n g l e  l i n e a r  m a t r i x  equat ion t h a t  requ i res  so lv ing .  
Once the  complete s o l u t i o n  a t  s t a t i o n  one i s  known, then equat ion 
(A.11) i s  repeatedly  a p p l i e d  u n t i l  a l l  o f  the  { Y i l ' s  have been found. 
Since the  check values o f  the s o l u t i o n  va r iab les  are p rese t  t o  zero, 
t he  f i r s t  convergence check always f a i l s  and the  second i t e r a t i o n  i s  
au tomat i ca l l y  s ta r ted .  A f t e r  t he  second i t e r a t i o n ,  subsequent i t e r a -  
t i o n s  produce smal ler  and smal le r  e r r o r s  u n t i l  the  convergence checks 
a re  s a t i s f i e d .  
and the  program terminated. 
This  u s u a l l y  solves the  l i n e a r  uncoupled problem 
Then us ing  
When convergence i s  achieved the  s o l u t i o n  i s  p r i n t e d  
36 
CHAPTER 6 
RESULTS OF APPLICATION 
To determine the e f f e c t  o f  the c e n t r i f u g a l  f o rce  s t i f f e n i n g  on a 
r o t a t i n g  beam, two example cases are evaluated, each f o r  a blade 
r o t a t i n g  a t  a constant  angular speed o f  475 r e v o l u t i o n s  per  minute 
(RPM). 
governing equat ions t o  a non l inear  f i n i t e -e lemen t  ana lys i s  o f  a 
r o t a t i n g  7- by 10-Foot Wind Tunnel fan blade t h a t  neglects  the  e f f e c t s  
o f  t he  mass a x i s  and e l a s t i c  a x i s  being eccen t r i c .  
i nc ludes  the e f f e c t  o f  the  mass a x i s  be ing eccen t r i c  from the  e l a s t i c  
a x i s  f o r  the  t rans fe r -ma t r i x  s o l u t i o n  and evaluates the i n f l u e n c e  o f  
t he  non l inear  terms on the  response. 
The f i r s t  case compares the  t rans fe r -ma t r i x  s o l u t i o n  o f  the  
The second case 
6.1 Nonuniform, Noneccentric, Twis ted Fan Blade 
A spec ia l  case o f  the  fan blade geometry presented i n  appendix B 
where the  mass ax i s  e c c e n t r i c i t y  i s  neglected i s  analyzed us ing  bo th  
f i n i t e  elements and the  t rans fe r -ma t r i x  so lu t i on .  Both models were 
analyzed us ing  a s e t  o f  steady aerodynamic design l oad  t h a t  were 
developed by the Ames Research Center s p e c i f i c a l l y  f o r  t he  7- by 
10-Foot Wind Tunnel fan blades. 
6.1.1 Transfer-Matr ix  S o l u t i o n  
The equat ions t h a t  are summarized i n  f i g u r e  3.1 were solved us ing  
t h e  program t h a t  i s  discussed i n  sec t ion  5.2 and the  c ross-sec t iona l  
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p r o p e r t i e s  summarized i n  appendix B. 
shown i n  t a b l e  6.1 were assumed t o  a c t  the  quarter-chord p o i n t ;  and, 
therefore,  had t o  be t r a n s f e r r e d  t o  the  e l a s t i c  a x i s  which r e s u l t e d  i n  
a d i s t r i b u t e d  torque along the  blade i n  a d d i t i o n  t o  the t ransverse 
loadings. A converged so lu t ion ,  f o l l o w i n g  t h e  f low-char t  shown on 
f i g u r e  5.2, was achieved i n  seven i t e r a t i o n s .  Since the  steady 
aerodynamic loadings were discont inuous a t  s t a t i o n  96, a double 
s t a t i o n  was used a t  t h i s  s t a t i o n .  
u t i l i z i n g  the  feature of reducing the  t r a n s f e r  m a t r i x  t o  an i d e n t i t y  
m a t r i x  when h i  = 0 ( o r  a double s t a t i o n ) .  Taking advantage o f  t h i s  
precludes the s o l u t i o n  a1 g o r i  thm from t a p e r i n g  the  appl i e d  l o a d i n g  t o  
zero from s t a t i o n - t o  s t a t i o n .  
The steady aerodynamic loads 
This  was accomplished e a s i l y  by 
TABLE 6.1 - AERODYNAMIC DESIGN LOAD INTENSITIES 
STAT I ON 
( i n )  
AXIAL TANGENTIAL 





























6.1.2 Nonl i n e a r  F i n i  te-Element S o l u t i o n  
As a means o f  performing an accuracy check on the  t r a n s f e r - m a t r i x  
s o l u t i o n ,  a f i n i t e - e l e m e n t  model o f  the fan blade us ing  two-noded beam 
elements and t h e  EAL [12]  f in i te -e lement  computer code was analyzed on 
t h e  CYBER CY17-855 mainframe computer. 
assumes the reference a x i s  o f  the beam i s  the  c e n t r o i d  a x i s  w h i l e  t h e  
t r a n s f e r - m a t r i x  s o l u t i o n  uses the e l a s t i c  a x i s  as the  reference ax is .  
To avoid over compl icat ion f o r  a t e s t  case, the  mass a x i s  o f f - s e t s  
were neglected. 
ana lys is  w i thout  a d d i t i o n a l  t ransformat ions, w i t h  the except ion o f  the 
torque. The t ransverse loadings were i n p u t  t o  the f i n i t e - e l e m e n t  code 
as d i s t r i b u t e d  load; however, no such fea ture  e x i s t s  f o r  moments. 
This  d i f f i c u l t y  was overcome a t  the expense o f  induc ing a small e r r o r  
by i n p u t i n g  the d i s t r i b u t e d  torque as a d i s c r e t e  torque a t  each g r i d  
p o i n t .  
geometry i n t o  elements w i t h  constant p r o p e r t i e s  ( t h e  t r a n s f e r - m a t r i  x 
s o l u t i o n  assumes v a r i a b l e  p roper t ies  between s t a t i o n s ) .  
d e f i n i n g  t h e  model and loads, the geometric non l inear  a n a l y s i s  (GNA) 
runstream element o f  EAL was mod i f ied  t o  a l low f o r  the  prev ious i t e r a -  
t i o n ' s  displacements t o  be used i n  computing the  c e n t r i f u g a l  forces 
due t o  the fan  blade r o t a t i n g  a t  475 rpm (49 .742  rad/sec).  
I n t r o d u c i n g  t h i s  a d d i t i o n a l  n o n l i n e a r i t y ,  r e s u l t e d  i n  the  EAL code 
r e q u i r i n g  3 1  i t e r a t i o n s  before convergence was achieved. 
The f i n i t e - e l e m e n t  ana lys is  
This al lowed the same loads t o  be i n p u t  f o r  both 
A s i m i l a r  approximation was induced by d i s c r e t i z i n g  t h e  
A f t e r  
6 . 1 . 3  Transfer-Matr ix  and F in i te-Element  S o l u t i o n  Comparison 
The s o l u t i o n  r e s u l t s  f o r  the f i n i t e - e l e m e n t  and t r a n s f e r - m a t r i x  
This  method o f  v a l i d a t i n g  t h e  t r a n s f e r - m a t r i x  methods are compared. 
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method f o r  t he  r o t a t i n g  beam problem was se lec ted  due t o  the absence 
o f  any exper imental  o r  a n a l y t i c a l  data i n  the  l i t e r a t u r e .  A l l  o f  the 
s tud ies  t h a t  were surveyed were centered around p r e d i c t i n g  and co r re -  
l a t i n g  the  na tu ra l  frequency response ( f requency and mode shapes) o f  a 
r o t a t i n g  beam. I f  any displacements and loads were computed, they 
were f o r  a non ro ta t i ng  p r o p e l l e r  o r  fan  blade under s t a t i c  loads. 
The two s o l u t i o n  methods cou ld  n o t  be compared d i r e c t l y  on a l l  
responses due t o  the  bas ic  fo rmula t ion  d i f fe rences .  
made on the  displacements, ro ta t i ons ,  t w i s t ,  and support  reac t ions .  
I n t e r n a l  loads cou ld  no t  be compared due t o  the  f i n i t e -e lemen t  
approach o f  d i s c r e t i z i n g  v a r i a b l e  p roper t i es .  However, a l l  o f  the  
o the r  quant i  t i e s  were compared. Support reac t i ons  f o r  both s o l u t i o n  
methods are  shown i n  t a b l e  6.2; these r e s u l t s  i n d i c a t e  t h a t  there  i s  a 
e x c e l l e n t  agreement between the two methods. 
d i f f e r e n c e  was i n  the  t w i s t i n g  moment (on l y  2.1 percent ) .  
expected s ince the  p r e t w i s t  o f  the  blade i s  e x p l i c i t l y  accounted f o r  
i n  the  t rans fe r -ma t r i x  method, and i s  on ly  approximately accounted 
f o r  i n  the  f i n i t e -e lemen t  s o l u t i o n  by t rans forming the  p r i n c i p a l  axes 
o f  the cross sec t ion  f o r  an element. The displacement r e s u l t s  
( f i g u r e s  6.1 through 6.6) w i t h  the except ion o f  the  a x i a l  d isp lace-  
ment, f i g u r e  6.1, o f  the blade, agree extremely w e l l .  What i s  seen 
here i s  the  pr imary d i f f i c u l t y  o f  us ing  f i n i t e -e lemen ts  t o  so lve t h i s  
type o f  problem. The a p p l i c a t i o n  o f  the c e n t r i f u g a l  force,  us ing  
f i n i t e  elements, r e s u l t s  i n  the  i n e r t i a l  f o rce  (a f u n c t i o n  o f  mass, 
l oca t i on ,  and deformat ions) becoming a lumped nodal quant t y  which a t  
t he  s t ress - f ree  end o f  the blade ( t i p )  i s  n o t  s t ress  f r e e  Because o f  
Comparisons are 
The l a r g e s t  percentage 
This  i s  
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t h i s  cond i t ion ,  the  displacement q u a n t i t i e s  a t  the end o f  the  b lade 
us ing  f i n i t e  elements may be i n  e r r o r .  
TABLE 6.2 - SUPPORT REACTION COMPARISON 
REACTION FINITE ELEMENT TRANSFER MATRIX PERCENT 
TYPE RESULTS RESULTS DIFFERENCE 
T ( l b s )  173,205 173,835 - 0.4 
Vy ( l b s )  - 1,455 - 1,447 0.5 
V, ( l b s )  5,382 5,382 - 0.0 
Mx ( i n - l b s )  33,911 34,632 - 2.1 
My ( i n - l b s )  -367,055 -372 , 021 - 1.3 
MZ ( i n - l b s )  - 82,547 - 82,980 - 0.5 
With the noted except ions,  the  f i  n i  t e -e l  ement and t rans fe r -ma t r i  x 
s o l u t i o n  method agreement i s  good; thus, t h i s  comparison i s  considered 
t o  v e r i f y  the t rans fe r -ma t r i x  s o l u t i o n  o f  the governing d i f f e r e n t i a l  
equat ions f o r  a r o t a t i n g  beam. 
6.2 Nonuniform, Eccent r i c ,  Twisted Fan Blade 
A f t e r  v e r i f y i n g  the  s o l u t i o n  method, the  fan blade model t h a t  
was used i n  sec t ion  6.1 was mod i f ied  t o  inc lude the o f f s e t  o f  the  mass 
a x i s  from the e l a s t i c  ax is .  
( t h e  case where the  f u l l  s e t  o f  equat ions as i n d i c a t e d  i n  f i g u r e  3.1 
a re  u t i l i z e d )  and the p a r t i a l l y  coupled case ( t h e  case where a l l  d i s -  
placement nonl i n e a r i t i e s  are neglected)  are compared. 
The so lu t i ons  f o r  t he  f u l l y  coupled case 
This  comparison 
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i l l u s t r a t e s  the  i n f l u e n c e  o f  the  displacement n o n l i n e a r i t i e s  t h a t  are 
i n d i c a t e d  i n  f i g u r e  3.1. 
6.2.1 F u l l y  Coupled Trans fer -Mat r ix  So lu t i on  
The next  s o l u t i o n  t h a t  i s  performed i s  f o r  the  f u l l y  coupled, 
non l inear ,  nonhomogeneous d i f f e r e n t i a l  equations. This  represents  the 
design opera t ing  c o n d i t i o n  f o r  t he  7- by 10-Foot Wind Tunnel fan 
blades. 
a re  shown i n  t a b l e  6.1; these loads as i n d i c a t e d  i n  sec t ion  6.1.1 a re  
t ransformed t o  the e l a s t i c  ax is .  By i n c l u d i n g  a l l  o f  the displacement 
n o n l i n e a r i  t i e s  and the  mass a x i s  e c c e n t r i c i t y ,  the s o l u t i o n  converged 
i n  12 i t e r a t i o n s .  
The s teady-state aerodynamic loads a t  the  quar ter -chord p o i n t  
6.2.2 P a r t i a l l y  Coupled Trans fer -Mat r ix  S o l u t i o n  
To determine the  i n f l u e n c e  o f  the  non l i nea r  terms shown i n  
f i g u r e  3.1, a l l  o f  the  non l inear  terms t h a t  i n v o l v e  displacement and 
r o t a t i o n  terms are  neglected; t h i s  leaves on ly  the  c e n t r i f u g a l  a x i a l  
force,  T, coup l ing  term i n  the  bending moment equat ions.  Neg lec t ing  
t h e  nonl i near d i  sp l  acement terms , the s o l u t i o n  converged i n  th ree  
i t e r a t i o n s .  Th is  i s  easy t o  see by n o t i n g  t h a t  the  a x i a l  fo rce ,  T, 
equat ion i s  weakly coupled t o  the  o the r  equat ion through the a x i a l  
d i  sp l  acement. 
and, t he re fo re  should have l i t t l e  i n f l u e n c e  on the  ne t  a x i a l  f o rce  
s o l u t i o n .  Thus, the a x i a l  f o rce  s o l u t i o n  i s  nea r l y  exac t  as a r e s u l t  
o f  the f i r s t  i t e r a t i o n ;  and upon us ing  the  f i r s t  i t e r a t i o n ' s  r e s u l t s  
i n  the second (negl e c t i  ng the  nonl i near displacement terms 1 the  second 
i t e r a t i o n  should r e s u l t  i n  a reasonable accurate so lu t i on .  The t h i r d  
The a x i  a1 d i  sp l  acement term i s usual l y  neglected [2I , 
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i t e r a t i o n  i s  used t o  insure  t h a t  t he  absolute value o f  the  d i f f e r e n c e  
between successive i t e r a t i o n s  i s  l ess  than the  requ i red  c r i t e r i a .  
6.2.3 F u l l y  Coupled and P a r t i a l l y  Coupled Trans fer -Mat r ix  
Sol u t i  on Compari sons 
Since the  number o f  i n t e r a t i o n s  t h a t  were requ i red  t o  achieve a 
converged s o l u t i o n  were found t o  vary d r a s t i c a l l y  when the  d isp lace-  
ment nonl inear- terms were considered, a comparison o f  the  s o l u t i o n s  i s  
made. The more notable e f f e c t s  o f  these non l inear  terms were observed 
t o  i n f l uence  the  displacements and r o t a t i o n s ,  and had l i t t l e  o r  no 
e f f e c t  on the forces and moments. 
A comparison o f  the a x i a l  displacement i s  shown i n  f i g u r e  6.7. 
The i n c l u s i o n  o f  the non l inear  displacement terms has a s t i f f e n i n g  
e f f e c t  t h a t  reduce the  t i p  displacement by approximately 25 percent;  
t h i s  i s  due t o  the  blade n o t  u n t w i s t i n g  as much when the non l inear  
terms are inc luded.  
By cons ider ing  the non l inear  displacement e f f e c t s  on the  
t ransverse d e f l e c t i o n s  ( f i g u r e s  6.8 and 6.9) , the  d e f l e c t i o n s  
increased on the  order  o f  3 percent.  Th is  i n d i c a t e d  an i n s i g n i f i c a n t  
so f ten ing  o f  the fan  blade. 
The most s i g n i f i c a n t  e f f e c t  on the  response i s  noted when the  
c ross-sec t iona l  t w i s t i n g  of the fan blade i s  evaluated. This  e f f e c t  
i s  e s s e n t i a l l y  an order  o f  magnitude s t i f f e r ,  see f i g u r e  6.10. 
probably f o r  t h i s  reason alone t h a t  these terms are necessary t o  
i nc lude  i n  per forming a loads ana lys i s  o f  a r o t a t i n g  fan  blade. 
t h i s  ana lys is ,  the  aerodynamic loadings were considered t o  remain 
cons tan t  and independent o f  the deformed shape o f  the  blade. 
It i s  
For 
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Normally, however, this is  not the case, since the aerodynamic 
loadings are generally a function of the angle-of-attack of the blade 
( re la t ive  to  the free-stream). 
displacement dependent. If the aerodynamic loads are a function of 
the blade's displacements, then this condition can be included by 
introducing an additional nonlinear term i n  the load vector which i s  
i terated along w i t h  the other terms or by reformulating the problem as 
a beam on an e l a s t i c  foundation and including the displacement 
dependent loads as l inear  terms i n  the A-matrix. 
The l i f t  and drag  loads are then 
Like the transverse displacements, the bending rotations,  by 
including the nonlinear terms, demonstrates a sof te r  response, 
see figures 6.11 and 6.12 for this effect .  These terms are  s t rongly  
coupled i n  the moment equations to  the mass axis eccent r ic i t ies ,  and 
therefore would be expected to influence the solution. 
Unl i ke the di  spl acement resul t s  , the internal equi 1 i bri um loads 
are not strongly affected by the presence of the nonlinear displace- 
ment term. Figures 6.13 through 6.18 show l i t t l e  or no change i n  the 
load resul ts .  
and beam bending moment, M,, ( f igures 6.14 and  6.18) plots of the two 
solutions completely overlay each other. These two loads are coupled 
and influenced by the y- iner t ia l  force component which, according to  
equation 2.43, i s  dependent upon the v transverse displacement and 
accounts for this smal 1 variation. 




Nonl inear  equations o f  motion f o r  the  coupled e l a s t i c  bending and 
t o r s i o n  o f  t w i s t e d  nonuniform r o t a t i n g  beams are der ived. 
t i o n ,  a t rans fe r -ma t r i x  s o l u t i o n  method t o  so lve these non l inear  
equat ions i s  developed and presented. Two case were evaluated. The 
f i r s t  case compares the t rans fe r -ma t r i x  s o l u t i o n  method t o  r e s u l t s  
obta ined from a nonl i near f i  n i  t e - e l  ement code. 
I n  addi -  
The non l inear  equations were developed by neg lec t i ng  a1 1 b u t  the  
f i r s t - o r d e r  terms f o r  the s t r a i n ,  and r e t a i n i n g  a l l  o the r  non l inear  
terms i n  the  de r i va t i on .  The r e s u l t i n g  equat ions are f o r  the  coupled 
bending- tors ion s teady-state response o f  beams r o t a t i n g  a t  a constant  
angular v e l o c i t y  i n  a f i x e d  plane. 
The mod i f ied  Hunter t rans fe r -ma t r i x  method was v e r i f i e d  by 
comparing r e s u l t s  w i t h  so lu t i ons  from a geometric non l inear  f i n i t e -  
element computer code. 
and t h a t  as i s  the case w i t h  any specia l  purpose ana lys i s  when com- 
pared w i t h  a general purpose code, the t r a n s f e r  ma t r i x  y i e l d e d  a more 
accurate representa t ion  and s o l u t i o n  o f  the problem. An ana lys i s  o f  a 
proposed new fan blade design f o r  the 7- by 10-Foot Wind Tunnel a t  t he  
Langley Research Center was performed, and the e f f e c t  o f  i n c l u d i n g  
non l inear  displacement terms on t h i s  s o l u t i o n  addressed. 
These r e s u l t s  were shown t o  agree q u i t e  w e l l ,  
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As a r e s u l t  o f  per forming t h i s  ana lys is ,  two computer codes were 
developed f o r  a desk top  personal computer. 
general purpose two-poi n t  boundary value problem so lve r  t h a t  was used 
t o  so l  ve the nonl i near , coupled governi ng d i  f f e r e n t i  a1 equat ions o f  
mot ion f o r  a r o t a t i n g  beam. The second program performs a numerical 
i n t e g r a t i o n  f o r  the  cross-sect ion p r o p e r t i e s  f o r  a t h i n  open cross 
sec t i on  t h a t  can be de f ined by an upper and lower surface. 
The f i r s t  program i s  a 
This  t h e s i s  develops the  e f f e c t i v e  and e f f i c i e n t  ana lys is  
techniques t h a t  cons ider  the  unique fea tures  common t o  r o t a t i n g  
systems t o  determine the  s teady-state response o f  r o t a t i n g  blades. 
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APPENDIX A 
THEORETICAL DERIVATION OF THE HUNTER TRANSFER MATRIX METHOD 
The method t h a t  i s  presented here i s  a s o l u t i o n  procedure t h a t  
was developed by D r .  W i l l i am F. Hunter, and used by him f o r  several  
years t o  so ve var ious homogeneous and nonhomogeneous two-poi n t  
boundary-va ue problems. Because t o  date the  method has n o t  been 
documented, i t  i s  developed i n  d e t a i l  i n  t h i s  appendix and r e f e r r e d  t o  
as t h e  Hunter m e t h o d .  
The development o f  the t r a n s f e r  m a t r i x  f o r  the  l i n e a r  coupled 
m a t r i x  equat ion o f  the form 
- -  d{Y’ - [A ]  ( Y )  + {B)  
dx 
( A . 1 )  
i s  described. By express ing the  equat ions i n  m a t r i x  no ta t i on ,  
u t i l i z i n g  the  t r a n s f e r  m a t r i x  as an operator ,  and app ly ing  the  
boundary cond i t ions ,  t he  coupled l i n e a r  d i f f e r e n t i a l  equat ions are  
so lved completely i n  two passes over the  s o l u t i o n  domain. 
pass i s  t o  s a t i s f y  a l l  o f  t he  boundary c o n d i t i o n  (na tu ra l  and 
geometr ic)  a t  the f i r s t  s t a t i o n ;  and the  second pass develops the 
s o l u t i o n  a t  each s t a t i o n  w i t h i n  the  problem domain. 
The f i r s t  
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Consider a system o f  l i n e a r  nonhomogeneous f i r s t - o r d e r  
d i f f e r e n t i a l  equat ions t h a t  can be expressed i n  m a t r i x  n o t a t i o n  as 
de f ined on the  c losed i n t e r v a l  Xl<X<Xn. 
Using subscr ip ts  t o  denote s t a t i o n s  and primes t o  denote 
d i f f e r e n t i a t i o n  w i t h  respect  t o  x, equat ion (A.2) a t  s t a t i o n  
i (x  = x i )  i s  w r i t t e n  as 
The boundary cond i t i ons  a t  the end-points ( x  = x i  and x = Xn) are a l so  
expressed i n  m a t r i x  n o t a t i o n  as 
Approximating the  value o f  { Y }  a t  the s t a t i o n  ( i + l )  as f o l l o w s  
where 
then equat ion (A.2) may be w r i t t e n  a t  s t a t i o n  ( i + l )  and s u b s t i t u t e d  
along w i t h  equat ion (A.3), i n t o  equat ion ( A . 6 )  t o  g i ve  
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Now, the  Y i + l  term on the  r igh t -hand s ide  o f  equat ion (A.8) may be 
approximated by us ing  a Taylor  se r ies  expansion about Y i .  
on l y  those terms up through the f i r s t  d e r i v a t i v e ,  Y i + l  becomes 
Reta in ing  
o r  
S u b s t i t u t i n g  equat ion (A.9) i n t o  equat ion (A.8) g ives 
(A.10) 
where [I] i s  the  i d e n t i t y  m a t r i x .  
r e s u l t  i s  a second-order Runge-Kutta i n t e g r a t i o n  (see r e f .  8 )  f o r  a 
system o f  equat ions expressed i n  m a t r i x  form. 
It can be shown t h a t  the  above 





The mat r i x  [ E i ]  i s  known as a t r a n s f e r  ma t r i x ,  s ince i t  r e l a t e s  
the  values o f  the  s t a t e  var iab les  a t  s t a t i o n  ( i + l )  t o  those a t  t he  
s t a t i o n  i The t rans fe r -ma t r i x  approach i s  o f t e n  used t o  determine 
t h e  na tu ra l  v i b r a t i o n  c h a r a c t e r i s t i c s  o f  beams However, f o r  a 
nonhomogeneous system o f  equations, the s o l u t i o n  i s  compl icated by the 
appearance o f  the  ma t r i x  { F i l  i n  equat ion ( A  11) Because of { F i ) ,  an 
approach much d i f f e r e n t  from t h a t  o f  the na tura l  v i b r a t i o n  (homogen- 
eous) problem i s  needed t o  r e l a t e  the cond i t i ons  a t  one boundary t o  
those a t  the  o the r  boundary It i s  a t  t h i s  p o i n t  t h a t  the  shoot ing 
methods w i l l  i t e r a t e  the  equations u n t i l  cond i t i ons  a t  both boundaries 
a re  s a t i s f i e d  
e l im ina tes  t h i s  d i f f i c u l t y  by employing a systemat ic a p p l i c a t i o n  o f  
equat ion (A  11) from one boundary t o  the  o ther :  thus, the  boundary 
cond i t i ons  are s a t i s f i e d  d i r e c t l y  The development i s  e a s i l y  seen by 
us ing  equat ion ( A  11) and expanding i t  out  f o r  a few in te rmed ia te  
s t a t i o n s  between boundaries For example, 
The Hunter t rans fe r -ma t r i x  approach as o u t l i n e d  here 
Now, the  above can be re fac tored ,  and { Y i }  can be expressed i n  general 
as a func t i on  o f  ( Y 1 )  
becomes 
For example, the  expression f o r  (Y4} above 
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I n  general, the r e l a t i o n s h i p  can be expressed as 
With equat ion (A.141, the  s t a t e  vec tor  a t  one boundary can be r e l a t e d  
t o  the vec tor  a t  the o the r  boundary. Thus, equat ion (A.15) fo r  i = n  
becomes 
The boundary cond i t i ons  must be app l i ed  i n  order  t o  determine { V i ) .  
Equat ion (A.17) may be s u b s t i t u t e d  i n t o  equat ion ( A . 5 ) ,  and the 
r e s u l t s  combined w i t h  equat ion (A.4) t o  g ive  
(A. 18) 
Since the c o e f f i c i e n t  m a t r i x  is nonsingular ,  equat ion (A.18) can be 
so lved fo r  { Y l ) .  The s o l u t i o n  f o r  { Y i )  ( i > l )  i s  obta ined simply by 
app ly ing  equat ion (A.11) repeatedly .  
It i s  worth emphasizing t h a t  the  Hunter method, given above, does 
n o t  r e q u i r e  any i t e r a t i o n ,  and ob ta ins  the  s o l u t i o n  i n  a d i r e c t  
manner. As w i t h  o ther  t r a n s f e r  m a t r i x  methods, very l i t t l e  computer 
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storage is needed. 
domain from one boundary to the other twice. 
i s  made to  obtain (Y11 , and the second step-through yields  the 
sol ution . 
The method requires stepping through the problem 
The f i rs t  step-through 
Another feature i s  t h a t  the integration process conveniently 
handles any discontinuities i n  the physical properties (such as beam 
mass or s t i f fness ,  for  example) of the problem by allowing double 
s ta t ions a t  any X i  (note that  the t ransfer  matrix [ E i ]  reduces to  the 
identity matrix for h i  = 0, see equation ( A * 1 2 ) . )  
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APPENDIX B 
CALCULATION OF 7- BY 10-FOOT WIND TUNNEL 
FAN BLADE SECTION PROPERTIES 
I n  order t o  perform the ana lys i s  o f  the 7- by 10-Foot Wind Tunnel 
f a n  blade new design, the cross-sect ional  p r o p e r t i e s  as def ined by 
equat ions (2.65-74) need t o  be c a l c u l a t e d  about the shear cen te r  o f  a 
cross sec t i on  r e l a t i v e  t o  the  beam's y -z  coord inate system. (See 
f i g u r e  2.1.) Since t h e  d e f i n i t i o n  o f  a fan blade i s  u s u a l l y  given by 
coordinates t h a t  de f i ne  the  upper and lower surfaces, equat ions 
(2.65-74) can be r e w r i t t e n  i n  a form t h a t  w i l l  a l l o w  f o r  numerical 
i n t e g r a t i o n  o f  t he  equations. 
- 
The purpose o f  t h i s  appendix i s  t o  
present  the  mod i f i ed  and transformed cross-sect ion i n t e g r a l  equat ions 
as w e l l  as the numerical r e s u l t s  when app l i ed  t o  a new 7-  by 10-Foot 
Wind Tunnel f a n  blade design. 
A t y p i c a l  cross sec t i on  o f  an a i r f o i l - s h a p e d  fan  blade and 
associated coord inate systems are shown i n  f i g u r e  B . l .  The cross- 
sec t i ona l  coord inates o f  t he  lower (A,) and upper (Xu) surfaces are 
g iven i n  the  J, - X system. When the  shear cen te r  i s  located, t he  
Y 1  - z 1  system i s  used t o  compute t h e  sec t i on  p r o p e r t i e s  p a r a l l e l  t o  
t h e  J, - x system b u t  about the shear cen te r  ( J , s ,  As). Since a t y p i -  
c a l  cross sec t i on  can be t w i s t e d  about the  shear cen te r  r e l a t i v e  t o  
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t h e  y -z  system, the  cross-sect ional  p roper t i es  need t o  be transformed. 
The sec t i on  p roper t i es  transformed t o  the y-z  system (shown i n  
f i g u r e s  2.1 and B. l )  are then ca lcu la ted .  
Blade d e s c r i p t i o n  data i s  assumed t o  be de f ined i n  the  J, - X 
system. 
system by t h e  f o l l o w i n g  equations. 
The area and shear center  l o c a t i o n  are computed i n  t h i s  
C 
0 - 
$s - C 
(xu  - d J, 
0 
(B.2) 
where c i s  the  chord length .  
Equat ion (B .2 )  i s  developed by cons ider ing  e q u i l i b r i u m  o f  a 
d i f f e r e n t i a l  element under bending and r e q u i r i n g  t h a t  the  sum o f  the 
i n t e r n a l  moments about the p o i n t  c a l l e d  the shear center  t o  vanish. 
Equat ion B.3 i s  an approximat ion t h a t  i s  used i n  t h i s  ana lys i s  f o r  a 
t h i n  a i r f o i l  shape. 
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The other section integrals are 
C 
- 1 f [ ( A "  - xs)3 - ( x a  - A d 3 ]  J, 
0 
* Y l  Y 1  - 5 
(B.6)  
(B.9) 
(B .10 )  
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C 
p 3  =$ {[(A, - A S P  - ( A ,  - A S P I  ( $  2 - $s)2 
0 




The tors iona l  s t i f f n e s s  constant [lll can be c a l c u l a t e d  by 
C 
F 
3 J =  
where F -1 ( A ,  - All3 dc (B.14) 4 F  
3 A c2 0 
1 +  
The fo l lowing  transformation r u l e  r e l a t e s  the y1 - z 1  system t o  
the  y-z system. 
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Using the  t rans format ion  i n d i c a t e d  i n  equat ion (B.15), the 
c ross-sec t ion  p r o p e r t i e s  (equat ions (B.4-13)  i n  the y-r system 
become 
(B. 15) 
(B. 1 6 )  
( 6 . 1 7 )  
(B. 1 8 )  
(B. 1 9 )  
( B . 2 1 )  
(B.22)  
(8 .23)  
(B.24)  
The proper t ies ,  A, J, and P5, are i n v a r i e n t ,  and, as such, they are 
n o t  e f f e c t e d  by coord inate t ransformat ions. 
A sketch o f  a 7- by 10-Foot Wind Tunnel b lade i s  shown i n  f i g u r e  
B.2. 
p o i n t s  where the cross sect ions were c u t  and p r o p e r t i e s  ca lcu la ted .  
F igures B.3-18 show the cross sec t ion  and i n d i c a t e s  the  cross- 
sec t iona l  p r o p e r t i e s  i n  the  y-z systems. For t h i s  ana lys is  t h e  fan 
blade from s t a t i o n  57.375 down toward the  center  o f  r o t a t i o n  was 
considered f i x e d  due t o  the  r i g i d  attachment t o  two t h i c k  s t e e l  d isks .  
The s t a t i o n s  i n d i c a t e d  along the  span o f  the blade are the  
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Pr i ncipa I 
5 z minor axis 




5 .  
P 
( a )  Undeformed ( b )  Deformed 







L X  
(a )  Bending i n  t h e  x-y plane 
I Z I Cross-section plane - X  r   t i n  X 
( b )  Bending i n  t h e  x-z plane 
( c )  Extension o f  e l a s t i c  a x i s  
F i g  2.3 Cross-sectional deformations 
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F i g  2.4 O r i e n t a t i o n  o f  r o t a t i n g  beam i n  undeformed c o n f i g u r a t i o n  
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minor axis 
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va r iab l  e t w i s t .  
3 i f f e r e n t i a l  equations i s  obta ined by mod i fy ing  a Hunter l i n e a r  second-order 
t rans fe r -ma t r i x  s o l u t i o n  procedure t o  so lve  t h e  non l i nea r  d i f f e r e n t i a l  equat ions and 
programing the s o l u t i o n  f o r  a desk-top personal  computer. The mod i f i ed  
t rans fe r -ma t r i x  method was v e r i f i e d  by comparing the  s o l u t i o n  f o r  a r o t a t i n g  beam 
Mi th  a geometric, non l inear ,  f i n i t e -e lemen t  computer code so lu t i on ;  and f o r  a s imple 
r o t a t i n g  beam problem, the  mod i f ied  method demonstrated a s i g n i f i c a n t  advantage 
w e r  the  f in i te -e lement  s o l u t i o n  i n  accuracy, ease o f  s o l u t i o n ,  and ac tua l  computer 
processing t ime requ i red  t o  e f f e c t  a s o l u t i o n .  
I n  
The s o l u t i o n  o f  these coup1 ed , nonl i n e a r  , nonhomogeneous, 
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